AP Calculus AB
Unit 9 - Applications of Differentiation

Worksheets



AP Calculus AB — Worksheet 72 The Accumulation Function

1. The graph of a function f shown at left consists of two line segments.
Let g be the function given by g(x)= J‘OX f (t)dt. Evaluate each of the

following:

a) g(0) b) g(1) c) 9(2) d) g(-2)

“2.-3 (2,-3)
Graph of f

2. The continuous function f is defined on the interval -4<x<3. The

graph of f consists of two quarter circles and one line segment, as shown
1 in the figure to the left. Let g(x)=2x+ on f (t)dt. Evaluate each of the
following:

ol ’ 2) 9(0) b) 9(3) 9 9(-8) o) g(-4)

(3,-3)

Graph of f

(2.3) 3. The function g is defined and differentiable on the closed
interval [—7,5] and satisfies g(0)=5. The graph of
y=g¢g (x) , the derivative of g, consists of a semicircle and

1 three line segments, as shown. Find the following:

— 17N a2 wed 990

(-7.-1) (5.-1)
Graph of g’

3222 | 2262 4. The graph of a function f shown at left consists of six line

Nl segments. Let g be the function given by g(x) =L f(t)dt.

Evaluate each of the following:

/ \;/ L \ a) 9(0) b) g(5) c) g(-3)

(=5,-2) (5,-2)

Graph of f

5) Solve J.lz(x2 +3X— 2)dx 6) Solve Ioﬂsin xdx




AP Calculus AB - Worksheet 73 Fundamental Theorem of Calculus, Part 2

In exercises 1-6, find the derivative.

1. y:IOX(sinzt)dt 2. F(x)=_[:(3t+cost2)dt 3. g(x)=_[x6ln(1+t2)dt

4. F(x):IX7\/2t4+t+1dt 5. y=ﬁ cost . 6. y= tidt

tz +2 sinx

3_
]2__ 7. The graph of the function f* shown consists of two line segments. Let g be the function
, ‘ given by g(x):J'X f (t)dt. Find
2 10l 1\ 2 0
-+ a) g(-1) b) 9'(-1) c) 9"(-1)
21
2,3 | @3
Graph of f

8. The continuous function f is defined on the interval —4 <x <3. The graph
of f consists of two quarter circles and one line segment, as shown in the

figure above. Let g(x):2x+joX f (t)dt. Find:
! a) g(-3) and b) 9'(-3)

(—4,-1)

(3.-3)

Graph of f




9. The function g is defined and differentiable on the
closed interval [-7,5] and satisfies g(0)=5. The

graph of y=g'(x), the derivative of g, consists of a
14 semicircle and three line segments, as shown in the
figure at the right. Find:

/ ot \ a) g'(0) and ) g"(0).

-7.-1) 5.-1)
Graph of g’

-t

(3.3

A 10. The graph of the function f shown at right consists of
(-3.2)(-2,2) 2.2) (3.2) six line segments. Let g be the function given by
g(x)=[ f(t)dt. Find
l.._
a) g(4) b) 9'(4) c) 9"(4)
-5 f4-3 22 2 3 A 5
(-5,-2) (5,-2)
Graph of f
1-cosx

11. Evaluate lim
0 2sin” X

. . . 2x+3 .
12. Write the equation of the line tangent to the graph of y = 3X+2 at the point (1,5)




AP Calculus AB — Worksheet 74 Extreme Values Theorem

1 Determine the x-coordinate of the absolute extrema of each function.

a) y by ¥ ) v

[

2 Find the critical values of the functions over their domain.
a) x(t)=3t"+4t° -6t

b) g(t)=>5t3+t3
f

c) f(x)=xlInx
d) g(H)zgﬁ—cose; (0,27)
e) f(x)=xe”

Find the absolute extrema of f on the given interval.

a) f(x)=2x>-3x*-12x+1on [-2,3]
b) f(x)=(x*~1) on [-12]

4 | Findaand b so that f (x)=x’+ax*+b will have a critical point at (2,3).

If y=x>—4x+ 3, where x can only be numbers such that 0 < x <5, then what is the largest value that y will
be?




AP Calculus AB - Worksheet 75 The First Derivative Test

* - optional problem

For #1-5
a) Find and classify the critical point(s).
b) Find the interval(s) where f () is increasing.

c) Find the interval(s) where f () is decreasing.

1. f(x)=3x*-3x+2 2. f(x)=x"-x"-x
* _ 3 2 4
3. f(x)=2x*-9x*+2 . f(x):x——x3+x2
4
X—2
5. f(x)=2-%
(X) X+2

6. Findaand b so that f (x)=x>+ax”+b will have a critical point at (2,3).

7. Give the total number of maximum and minimum points of the function whose derivative is given by
f'(x)= x(x—3)2 (x+1)4.

For #8 and #9, use the graph of the function f to estimate where
(@ f'=0
(b) f'<0
(c) f'>0

Justify your answer.

-t
-t

v=1ix) 1 y=fx

[ ] .

- 0 2 ;)

I
12




Answers:

Relative Min

f' changes from — to +

Relative Max

f' changes from + to —

Decreasing
f'<0

Increasing
f'>0

) | (=

Jd () N
- 22 one
1 5 1 1

2 (1-1) 32 (—n-3)a) -3

3 (3, —25) (0,2) (—oo,O)& (3,oo) (0,3)

4. (0,0)&(2,0) (1,%) (0,1) &(2,) (-,0)&(1,2)
5. None None All real #s except x = 2 Never

6. a=-3,b=7 7. one (minatx=0)

(b) f'<0on (-11)

8.(@ f'=0@x=-landx=1

(c) f'>0o0n (—oo,—1) and (L)

9.(@) f'=0@x=-1, x=0andx=1
(b) f'<0on (—w,—1) and (0,1)
(c) f'>00n (~10)and (L)




AP Calculus AB — Worksheet 76 The First Derivative Test — Graphs

7 -6 __‘ 3 2 4 0
e ——

1. The figure above shows the graph of /', the derivative of the function f, for -7 <x<7.
a) ldentify any critical values of f.

b) Determine the interval(s) on which f is increasing. Justify your answer.

c) Determine the interval(s) on which f is decreasing. Justify your answer.

d) Find all values of x, for —7 <x < 7, at which f attains a relative (local) minimum. Justify your answer.

e) Find all values of x, for —7 <x <7, at which f attains a relative (local) maximum. Justify your answer.




\

(—4,-1)

Graph of f

2. The continuous function f is defined on the interval —4 <x <3 The graph

one line segment, as shown in the figure above. Let g (x) =2X+ _[OX f (t)dt :

a) Find g(-3) and g'(-3)

(3,-3)

of f consists of two quarter circles and

b) Determine the x-coordinate of each critical value on the graph of g (x) . Classify each critical value as a local

maximum, local minimum or neither. Justify your answers.

c) Determine the interval(s) on which the graph of g (x) is increasing. Justify your answers.

d) Determine the interval(s) on which the graph of g (x) is decreasing. Justify your answers.




(-2,-3) (2,-3)
Graph of f

3. The graph of the function f shown at left consists of two line segments. Let g be the function given by
g(x):J.0 f(t)dt.

a) Find the equation of the tangent line to g(x)at x=0.

b) Determine the x-coordinate of each critical value on the graph of g (x) . Classify each critical value as a local
maximum, local minimum or neither. Justify your answers.

c) Determine the interval(s) on which g(x) is increasing. Justify your answer.




AP Calculus AB — Worksheet 77 Mean Value Theorem

In Exercises 1-5, find the average rate of change of the function over each interval.
1. f(x)=x’+1on [2,3] 2. f(x)=+4x+1 on [0,2]

3. f(x)=e*on[-20] 4. f(x)=Inx on [100,103]

5. f(x)=sinxon {13—”}
4 4

In Exercises 6-14, determine whether the Mean Value Theorem can be applied to f on the closed interval [a,b] . Ifitcan

f(b)—f(a
be applied, find the value of ¢ that satisfies f (c) =% . If the Mean Value Theorem cannot be applied,
—-a
explain why not.

6. f(x)=x*-2x-2o0n[-13] 7. f(x)=x*-xon [0,] 8. f(x)- x> —X—6 on [-2,3]
x-1
9. f(x)=sinxon [0, 7 10. 11. f(x)=x*-2x+1on[13
®) [0 f(x)=tanx on (0,7) ®) [+
12, (x)=x* on [0,16] 13. f(x)=v1-x" on [-11] 14. f(x)=% on [-11]

2007 AP° CALCULUS AB FREE-RESPONSE QUESTIONS

X fx | fix g X ¢" x
1 6 4 2 3
2 9 2 3 1
3 10 -4 4 2
4 | - 3| 6 7

3. The functions f and g are differentiable for all real numbers, and g is strictly increasing. The table above
gives values of the functions and their first derivatives at selected values of x. The function h is given by

h{x) = f{g(x))—6.
(a) Explain why there must be a value r for 1 < r <3 such that i(r) = 5.

(b) Explain why there must be a value ¢ for 1 < ¢ < 3 such that h'(¢) = 5.



AP Calculus AB — Worksheet 78 The Second Derivative and The Concavity Test

** Optional Problems

For #1-3
d) Find and classify the critical point(s).

e) Find the interval(s) where f (x) is increasing.

f) Find the interval(s) where f () is decreasing.

1L f(x)=x*-x-1 2. f(x)=2x"-4x*+1 **3. f(x)=xe"

For # 4-6
a) Find the x-coordinate of the point(s) of inflection.
b) Find the interval(s) where f (x) is concave up.

c) Find the interval(s) where f (x) is concave down.

4. f(x)=4x>+21x* +36x—20 x5, f(x):2x%+3 6. f(x):—x4+4x3—4x+1

For #7-9, find all points of inflection of the function. Justify your answer.

7. y=xe" *xg f (x)=arctan x w59, £ (X)= W5 _ax

Free Response Question

2.2)

Graph of f*

Let f be a function defined on the closed interval —5 <x <5 with f(1)=3. The graph of /", the derivative of f, consists
of two semicircles and two line segments, as shown above.

(@) For =5 <x <5, find all values of x at which f has a relative maximum. Justify your answer.
(b) For =5 <x <5, find all values of x at which f has a point of inflection. Justify your answer.
(c) Find all intervals on which the graph of f (not shown) is concave up. Justify your answer.

(d) Find all intervals on which the graph of f (not shown) has a positive slope. Justify your answer.



Answers:

Relative Min
f"' changes from — to +

Relative Max
f"' changes from +to —

Increasing

f'>0

Decreasing

f'<0

. (1 2)
' 27 4

3

g

None
2. (-1,-1) and (1,-1) (0,1) (-1,0) and (1,0) (-o0,—1) and (0,1)
1
3 (—1, _Ej None (-1,00) (—o0,—1)
x-coordinate of point of Concave Up Concave Down
inflection "s 0 "o
/" changes signs s> /"<

4 — _Z [—Z o0 (—OO —Zj

. X = 4 4 b > 4
5. x=0 (_OO’O) (O’OO)
6. x=0andx=2 (0,2) (=00, 2)and (2,0)

9. (0,0) and (-2,632)

Free Response Question:

a) fhasarelative maximumat x=-3 and x=4 because f'(x) changes signs from positive to negative.
b) fhasa point of inflection at x=-4,-1, and x=2 because f" changes signs
c) fisconcave up on (-5,-4) and (—1,2) because f" isincreasing orf">0

d) fhas a positive slope on (-5,-3) and (1,4) because f'>0.




AP Calculus AB — Worksheet 79 The Second Derivative Test for Max/Min

For Problems #1-3, find the critical points of f (x) and use the Second Derivative Test to determine whether each
corresponds to a local minimum or maximum

1 f (x)=x>—12x* + 45x

2 f(x)=x"-8x*+1

3 f (x)=sin?x+cosx, [0,7]

4. Sketch a possible graph of f ', the derivative of f, given the following characteristics.

f (x) has local minimum values at x=1 and x=9.

f (x) has local a maximum value at x=6.

f (x) has points of inflection at x=3 and x=8.

5. Sketch a possible graph of f given the following characteristics.
f"(x)>0 on (-,1) and (4,).
- f"(x)<0on (1,4).

6. Explain why the graph of f (x) =x"* does not have any points of inflection.

2015AB 5 ¥

Graph of f*

The figure above shows the graph of f”, the derivative of a twice-differentiable function f, on the interval
[-3, 4]. The graph of f” has horizontal tangents at x = =1, x =1, and x = 3. The areas of the regions
bounded by the x-axis and the graph of f” on the intervals [-2, 1] and [1, 4] are 9 and 12, respectively.
(a) Find all x-coordinates at which f has a relative maximum. Give a reason for your answer.

(b) On what open intervals contained in -3 < x < 4 is the graph of f both concave down and decreasing?
Give a reason for your answer.

(c) Find the x-coordinates of all points of inflection for the graph of f. Give a reason for your answer.

(d) Given that f(1) = 3, write an expression for f(x) that involves an integral. Find f(4) and f(-2).




AP Calculus AB - Worksheet 80 Optimization and Extrema

1. Findaand bsothat f (x)=x’+ax”+b will have a critical point at (2,3).

2. Give the total number of max and min points of the function whose derivative is given by f '(x) = x(x —3)2 (x +l)4.

3. Which point on the graph of yis y'<0 and y"<0?

4. If y=x*—4x+3, where x can only be numbers such that 0 < x <5, then what is the largest value that y will be?

5. Find the x-values of the relative maximums and minimums for y = 2x> —3x* —12x.

6. Find all inflection points on the graph of y=x* —4x’.

7. f(x)=x"-4x has: (A) 1max, 2 min (B) 1 min, 2 max

(C) 1min,1max (D) 2max, 0 min
(E) 2 min, 0 max

If the graph of f (X) is given below for #8 - #11, give the letter for the point where:
8. f'(x)=0andf"(x)<0

9. f'(x)>0andf"(x)=0

10. f'(x)<0andf"(x)<0

0l > X
11. f'(x)>0andf"(x)>0

Answers:

1. a=-3,b=7

2. one (minat x=0)

3. C

4. 8

5. Rel. max. at x=-1 Rel. min.at x=2

6. Inflection Pts. (0,0)&(2,-16)

7. A




AP Calculus AB — Worksheet 81 Optimization and Absolute Extrema

1 The difference of two numbers is 50. Find the two numbers so that their product is as small as possible.
9 Find two numbers whose sum is 36 and whose product is as large as possible.
A farmer has 100 feet of fencing and wishes to enclose a rectangular plot of land. The land borders a river, so no
3 fencing is required on that side. What should the dimensions of the rectangle be in order to enclose the largest
" | possible area.
A painter has enough paint to cover 600 square feet of area. He wishes to construct and then paint a square-
4. | bottomed box (height is unknown). What is the largest volume of the box that he can construct?
5. | Find the absolute maximums and minimums for y = 2x* — 3x* — 12x on [-2,3].
6. | Find all inflection points on the graph y = xt—4x*
2| Whatis the total number of extrema of the function whose derivative is f '(x) =x*(x +1)3 (x— 4)3 ?
8. | Find all relative maximums and minimums for y = x> —3x +1.
The graph of f is given at right. Let g(x) :LX f(t)dt.
a) Find the values of g(3),9'(3) and g"(3). Ao
b) Determine the interval on which the graph of g (not shown) is increasing. ]
9 Justify your answer. 1 -
' ¢) Find the absolute maximum value of g on the interval [—2,4] . Show the 1 &Y
work that leads to your conclusion. 210 1 2 3\1
d) Determine the x-coordinate(s) of any points of inflection on the graph of g. o 4, -1)
Justify your answer. -2
10 ~ (2t 1) ind F*
If F(x)=] (2t-1)"dt, then find F*(x).
x*+x . . . o .
For y = [y give all x-coordinates at which the graph of f(x) has discontinuities. Identify the
11 X —/X—
discontinuities as either removable or non-removable.
Answers:
1. | x=25;y=-25
2. | x=18; y=18
3. | w=25ft.; /=50 fi.
4. | 1000 cubic feet
5 | absolute maximum (—1,7) & absolute minimum (2,—20)
6. | inflection point: (0,0),(2,-16).
7. 12
Relative minimum: (1,-1)
8.
relative maximum (—1,3)




AP Calculus AB — Worksheet 82

Given f(x) is a differentiable function.

Fill in the blanks to complete the table below

Optimization and Graphs of f'

f(x) 7(x) (%)
/(x) 1s increasing
Sf(x)<0
/'(x) changes signs from positive
to negative when x=a.
/(x) has alocal minimum when
x=a.
S"(x)<0

J(x) 1s concave up

f"(x) changes signs

The graph of f'(x) is given below. Sketch a possible graph of f(x).

1

b ——
.

3.
.'III
L
4--
2+ xf{-
L L
I — T
-4 =2 = 2 4
1L
4




4. Agraphof f'(x), the derivative of f (X), is given below. The domain for f () is all real numbers.
0 a) On what interval(s) is f(x) increasing? Explain.
\ g
\\ 6 b) Determine the x-value of any local maximum on the graph of
N\ 2 f (x) will occur. Justify your reasoning.
N (%) vy ]
5 4 2\’_/ 2 3 2 [‘3
4 N /
6 AN /
o N
-10
5. Sketch a graph of the function whose derivative satisfies the properties given in the table below.
by I (-=2,-1) | -1 1] (-1.1) 1 (1. 3) 3 (3. 22)
fx) I positive | 0 | negative | 0 | positive | 0 | negative
6. The accompanying figure shows the graph of the derivative of a function f. The domain of f is the closed interval
[-3.3]. ,
[ l | L1y
3 2\ 12 3
a) ldentify and classify the x-coordinate of each critical value. Justify your answers.
b) Determine the interval(s) on which f is increasing. Justify.
c) Determine the interval(s) on which f is concave down. Justify your answers.
7. A farmer has 180 feet to enclose a rectangular field which is divided into two parts by his fence as shown the in figure
below. Find the maximum area the farmer can enclose using his 180 feet of fencing.
8. A husband and wife have enough wire to construct 160 ft. of fence. They wish to use it to form three sides of a
rectangular garden, one side of which is along a building. Find the dimensions that will yield the largest area.
9. We want to construct a cylindrical can with a bottom but no top that will have a volume of 30 cubic centimeters.

Determine the dimensions of the can that will minimize the amount of material needed to construct the can.



AP Calculus AB - Worksheet 83 Review

1.1 Find all inflection points for f (X)=2x*+6x*—6x+7.
2. | Find the maximum value of y=—x"+4x+25 on [—2,3] . (Find the y at the absolute maximum point)
3. | Find the absolute minimum value (the y number) of f (X)=x>-6x* on [1,2].
4. Which point on the graph of f (x) is f'(x)<0 and f"(x)>0?
D
- - H ] — mn t)
\ s 5. Which point on the graph of f (x) is f'(x)=0and f"(x)>0"
‘ 4 > x 6. Which point on the graph of f (x) is f'(x)>0 and f"(x)>0?
. B
7. | onwhat intervals is  (X)=2x*+3x increasing?
8. | A husband and wife have enough wire to construct 160 ft. of fence. They wish to use it to form three sides of a
rectangular garden against the side of their house. Find the dimensions that will yield the largest area.
9. | If the first derivative of f is negative for x = 9, which of the following statements must be true?
I f (9)is negative Il. f hasaminimumat x=9 II. f is decreasingat x =9
(A) lonly (B) 1l only (C) Hlonly D) 1&l (B) 1&1
| Find F'(x) if F(x)= IXZBSin(tz)dt
4
111 Find the absolute minimum point(s) of f (x)=2x®>-6x*+1 on the interval [-2,3].
12. | Find and classify all critical points for f (x)=2x"—4x?. Justify your answer.
13. | Find the total number of relative maximums of the function whose derivative is given by
fr(x)=x(x- 2)3 (x+ 6)5 . Justify your answer.
14.| The graph of f is shown below. At which pointis f'(x)>0 and f"(x)>0?
F |
15. | Find all values of x for which the graph of f (x) = x* —8x* +14 is increasing. Justify your answer.




16.

it F(x)=["In(cos(t*))dt , find F(x).

17 w
d [ sintdt =
dw /3
A) cosw—cos3 B) —cosw+cos3 C) —cosw D) cosw E) sinw
Answers
1) (_1,17) 2) 29 3) -16 4) A 5 E
6) B 7) x<-landx>0 8) w=40 9) C 10) F'(x)=6xsinx’
1=80
11) (_2,_39) 12) 13) 2 min; 1 max 14) G 15) (6,00)
16) F‘(x):2|n(cos(8x3)) InE




Worksheet 83b Unit 9 Review

1. | Aladder 15 feet long is leaning against a building so that an end X is on level ground and an end Y is on the wall

. . . - 1
as shown in the figure below. X is moved away from the building at the constant rate of > foot per second.

L
o X
a. Find the rate in feet per second at which the length OY is changing when X is 9 feet from the building.

b. Find the rate of change in square feet per second of the area of the triangle XOY when X is 9 feet from the
building.

2. |If f(x)=ax*+bx* and ab >0, then

A) the curve has no horizontal tangents B) the curve is concave up for all x
C) the curve is concave down for all x D) the curve has no inflection points
E) none of the preceding is necessarily true

3. d d2y

At which point on the following graph do both d—i’ and W equal zero?
¥ /J_jﬁ
R
P \j
g ".}

0

A) P B) Q C) R D) S E) T

4. | An equation of the line tangent to the graph of y = x®+3x° +2 at its point of inflection is

A) y=3x+7 B) y=-3x-7 C) y=Xx+5 D) y=3x+1 E) y=-3x+1
5. X

Suppose F(x)zj‘0 Zitz dt for all real x, then F'(-1)=

A) 2 B) —% Q) % D) -2 E)1
6. 11f f'(x)=In(x—2), then the graph of y = f () is decreasing on which of the following intervals

A) 2<x<3 B) x>0 C) O0<x<1 D) x>1 E) x>2
Answers:

2. D 3. C

1 W31

dt  8sec

oA_2

dt 16sec

4. E 5. B 6. A




